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Abstract This paper concerns Gibbs measures ly for some nonlinear PDE over the D-torus 
T^. The Hamiltonian H = ||Vu|p — \u\p has canonical equations with solutions in 
Gat = {u E L^(T^) : f |up < N}. Eor D = 1 and 2 < p < 6, ^In supports the Gibbs measure 
u{du) = rixGT du{x) which is normalized and formally invariant under the flow 

generated by the PDE. The paper proves that (Dv, || • is a metric probability space 

of finite diameter that satisfies the logarithmic Sobolev inequalities for the periodic KdV, 
the focussing cubic nonlinear Schrodinger equation and the periodic Zakharov system. Eor 
suitable subset of Dv, a logarithmic Sobolev inequality also holds in the critical case p = 6. 
Eor D = 2, the Gross-Piatevskii equation has H = frj .2 a suitable 

bounded interaction potential V and the Gibbs measure ly lies on a metric probability space 
(D, II ■ II, ly) which satisfies LSI. In the above cases, (fl, d, v) is the limit in iS' transportation 
distance of finite-dimensional (Dn, || ■ ||) ^n) given by Pourier sums. 

Keywords Gibbs measure, logarithmic Sobolev inequality transportation 
Classification: 37L55; 35Q53 

1. Introduction 

The periodic Korteweg-de Vries and cubic nonlinear Schrodinger equations in space dimen¬ 
sion D may be realised as Hamiltonian systems with an infinite-dimensional phase space 
L2(T^,R) Eor instance, the Hamiltonian 



-f 

P Jtd 




d^e 

(27r)^ ’ 


( 1 . 1 ) 


is focussing for A > 0 and defocussing for A < 0, and the canonical equations generate the 
NLS. The critical exponent for existence of smooth solutions over all time is p = 2 + (4/D) 
by [9, p. 6]. In particular generates the cubic NLS equation for the field u. For V > 0, 
traditionally called the number operator [15], let be the 


a, = {ueLHTEC):jjum^^<N}. 

Observe that Hn is formally invariant under the flow generated by (1.1). 


( 1 . 2 ) 
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For D = 1, Lebowitz, Rose and Speer [15] introduced an associated Gibbs v measure 
and determined conditions under which v can be normalized to define a probability measure 
on Gat; thus they introduced the modified canonical ensemble as the metric probability space 
X = {Q-n, II • II ^ 2 , 1 /). The purpose is to have a statistical mechanical model of typical solutions 
of KdV and NLS, not just the smooth solutions. In this paper, we describe concentration 
of Gibbs measures in terms of logarithmic Sobolev inequalities, and then use Sturm’s theory 
of metric measure spaces [19] to obtain convergence of Gibbs measures on finite-dimensional 
phase spaces to the true Gibbs measure. 

Definition (LSI (a)) Let (X,d) be a complete and separable metric space, which is a length 
space with no isolated points, and fx a probability measure on X. For / : X —> R, introduce 
the norm of the gradient |V/(x)| = limsupy_^ 2 , \ f{y) — f {x)\/d{x, y). Then {X,d,iJ,) satisfies 
the logarithmic Sobolev inequality with constant a > 0 (abbreviated LSI (a)) if 


f /(x)^log(/(x)V / fdn^n{dx)<- f \Xf\‘^n(dx) (1.3) 

for all / G L^(/r;X;R) such that |V/(x)| G I/^(/r;X;R). See [21, chapter 21]. 

When (X, d) = (R™', || ■ H^;) for some Banach space norm E and / : R™" —)■ R is con¬ 
tinuously differentiable, then we have |V/(x)| = ||V/(x)||£;*, where V/ is the usual gradient 
and E* the dual normed space. In the analysis below, we generally apply LSI (a) to functions 
which may be expressed in terms of the Fourier coordinates, and we require inequalities with 
constants that do not depend directly upon the dimension of the phase space. Our results are 
closely related to those of [14], since LSI implies a spectral gap inequality by [21, Theorem 
22.28]. 

Bourgain [6] showed that the Gibbs measure on suitably normalized subspaces could 
be constructed from random Fourier series, so that the Fourier coefficients give an explicit 
system of canonical coordinates for the phase space. Let H®(T^) = : |aoP -f 

Sfcezd\{o} l^l^*l®fcP < oo}. Let (7fc,7(,)fc£zn be mutually independent standard Gaussian 
random variables. Then for p > 0, the periodic Brownian motion 


m = E 

fcezn 


(Xk±±fkX^ 


{e = {eu...,0D)) 


(1.4) 


lies in H*(T^) almost surely for s < 1 — (D/2). 

For D = 1, Lebowitz, Rose and Speer [15] showed that for all X < oo and 2 < p < 6 one 
can introduce Z = Z(N,p, A) > 0 to normalize the Gibbs measure 


VN(du) = Z ^If2jv(w)e (in(0) (1.5) 

0eT 

as a probability on Lt^. However, for p > 6, so such Z exists. See also [13, 16] for alternative 
constructions of the Gibbs measure. 
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In section 3 of this paper, we prove a logarithmic Sobolev inequality for i'n when D = 1 
and p = A. The proof depends upon convexity of the Hamiltonian on and uses a criterion 
that originates with Bakry and Emery [2, 21], In section 4, we deduce similar results for 
the periodic Zakharov system. In section 5, we use a similar method to prove a LSI for 
M G R) and p = 3, where the Hamiltonian generates the KdV equation. For D = 1 

and p = 6, there exists Nq > 0 such that the Gibbs measure can be normalized on for 
N < A^o, but not for N > Nq. In section 6, we obtain a logarithmic Sobolev inequality for 
subsets Qn,k = {u G Q-n ■ < k} and 1/4 < s < 1/2 which support most of the Gibbs 

measure. While these Gibbs measures are absolutely continuous with respect to Brownian 
loop, the Radon-Nikodym derivatives are not logarithmically concave, so our results do not 
follow directly from the curvature computations in [19]. Instead we use uniform convexity of 
the Hamiltonians on suitable and exploit the property that LSI are stable under suitable 
perturbations; see [21, Remark 21.5]. 

The partial sums of the spatial Fourier series suggest classical Hamiltonians on finite¬ 
dimensional phase spaces given by the low wave numbers, which generate autonomous 
systems of ordinary differential equations in the canonical coordinates. Such X” support 
Liouville measures which are invariant under the flow generated by the canonical equations, 
and which give metric probability spaces X” = (X”, ]| ■ ]|R, 2 ri, n„). We show that for D = 1 and 
p < 6, the converge as metric probability spaces to X in the transportation distance; 
this extends the notion of approximating the solution of a PDF by Fourier partial sums. 

The lack of smoothness of b{6) complicates the analysis of the NFS equation in two 
dimensions, and more drastically in higher space dimensions. The integral (1.1) with p = 4 is 
critical for existence of invariant measures in the 2D focussing case. So one introduces a real 
interaction potential V and works with the Gross-Piatevskii equation 


.du d‘^u 


d^u 


+ X{V* 


u\‘^)u = 0, 


( 1 . 6 ) 


which is also credited to Hartree. In section 7, we impose additional hypotheses including 
V G L°°(T2;R) to obtain a finite-dimensional logarithmic Sobolev inequality and then V G 
H1+2s(t2;R) 

to obtain a infinite-dimensional LSI. We regard this as realistic, since in their 
model of a supersolid, Pomeau and Rica [17] consider a soft sphere interaction with V bounded. 
The Gibbs measure is supported on distributions in H“®, so the solutions of (1.6) are typically 
not in L^(T^;C). Nevertheless, in section 8 we achieve convergence in transportation 
distance for finite-dimensional metric probability spaces towards Gibbs measure on the phase 
space for the PDF. 

2 Metric Measure Spaces for Trigonometric Systems 

Sturm [19] has developed a theory of metric measure spaces which refines the metric geometry 
of Gromov and Hausdorff. We recall some definitions, which simplify slightly in our setting of 
probability spaces, which Sturm calls normalized measure spaces. 
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Let {X,d) be a complete and separable metric space. Now let Probo(X) be the space 
of Radon probability measures on {X, d) with the weak topology; a metric probability space 
X consists of {X,d,iJ,) with jj, G Probo(X). Suppose that G Probo(X) and that u is 
absolutely continuous with respect to n and that / = ^ is the Radon-Nikodym derivative. 
Then the relative entropy of with respect to yu is 


Ent(i^ I ^) = / f{x)logf{x) n{dx), (2.1) 

Jx 

so that 0 < Ent(j^ | 1 ^) < oo. Eor 1 < s < oo, Probs(X) consists of the subspace of 
H G Probo(X) such that fj^S(xo,x)^fj,(dx) < oo for some or equivalently all xq G X. The 
Wasserstein distance of order s between /U, i/ G Probs(X) is 


Wsin, ly) = infU f f S{x,y) 

^ ''^1 IxxX 


TT 


1/s 


: ni = ix,tv2 = 




( 2 . 2 ) 


where vr G Probs(X x X) with marginals tti = fj, and 7r2 = is called a transportation plan, 
and (5® is the cost function. Then (Probs(X), W^) is a metric space. 

Suppose further that there exists a > 0 such that 


Ws(i^,/i) < 1 /-Ent(z^ I yu) (2.3) 

V a 

for all ly G Probs(X) that are of finite relative entropy with respect to /r. Then n is said to 
satisfy the transportation inequality Ts{a). We repeatedly use the result of Otto and Villani 
that LSI{a) implies r 2 (a;) on Euclidean space; see [21, 22.17]. 

Definition (L^ transportation distance) A pseudo metric on a nonempty set Z is a function 
(5 : Z X Z —)■ [0, oo] that is symmetric, vanishes on the diagonal, and satisfies the triangle 
inequality. A coupling of pseudo metric spaces (X, Ji) and {Y,S 2 ) is a pseudo metric space 
(Z,(5) such that Z = X U F and 5\xxX = and S\yxY = ^ 2 - Given metric probability 
spaces X = (X, (5i,/ri) and Y = {Y, 82 ,^ 2 ), consider a coupling <5 of these metric spaces and 
TT G Probo(X X F) with marginals ni and y, 2 - Then the transportation distance is 

Dl 2 (X,F) = inf|(^// 5{x,yfn{dxdy)^ |, (2.4) 

where the infimum is taken over all such couplings <5 and all transportation plans vr. One can 
easily show that if G Prob 2 (X) and y ,2 G Prob 2 (F), then D^ 2 (X, F) < 00 . The diameter of 
X is sup{d(x,y) : x,y G support(/i)}. The family of isomorphism classes of metric probability 
spaces that have finite diameter gives a metric space (X,D^ 2 ) by results of [19]. 

To obtain LSI{a) for measures on Hilbert space from their finite-dimensional marginals, 
we use the following Lemma, which is related to Theorem 1.3 from [4]. 
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Lemma 2.1 Let du = Yi^Li^Xj be a Radon probability measure on £^(N;R), and 

let Tn be a-algebra that is generated by the first n coordinate functions, and let Un be the 
marginal of v for the first n coordinates. Suppose that 

(i) V is continuously differentiable, and f ||VF(x)||^2^^(rfa:) < oo; 

(ii) there exists a > 0 such that LSI (a) holds for X” = (R"", || ■ 11^2, i/„) for all n. 

Then LSI{a) holds for X°° = , || • \\p, i>), and X” —> X°° in 0^2 as n ^ oo. 

Proof. For 0 < / G u; R), let fn = E(/ | X^), so that 0 < /„ and fn^f almost surely 

and in as n —)■ oo by the martingale convergence theorem. By Jensen’s inequality applied 
to the convex function (p(x) = logx^ for x > 0, we have 

j fn^og^f^diy-J f^log_f^diy< j flog^fdiy-J flog_fdiy. ( 2 . 5 ) 


Now (p{x) > —1/e, so we can apply the dominated convergence theorem to the terms with 
log_ and Fatou’s lemma to the positive terms with log^ to deduce that the entropy term on 
the left-hand side of LSI satisfy 


/^log(^/V j fdu^du=\^ j fl\og(^fl/ j f^di^jdu 


< lim sup — / 

n^OO Oi Jflr 


W'^ fnix)\\%l'n{dx). 


Integrating by parts in the first n coordinates, we see that V/n = E(V/ | Xn)-|-E((/„ 
Xfi), so by the Cauchy-Schwarz inequality 


( 2 . 6 ) 

/)VF| 


2 

a 


||V/n||^(izZn < 


2(1 J- £n) 
a 


WVffdv 


2(1 J- £n) 

OiSyi 



where we can choose Sn > 0 decreasing to 0 so that (2.6) and (2.7) give 


J /"log(/V J Pdn)dv<‘^ J WVffdu. 


( 2 . 8 ) 


Hence satisfies LSI{a). Now LSI{a) implies Ti{a) by [21, 22.17], so 
f exp(a||x|p/2)i/(dx) < oo. Any continuous and bounded function /„ : R” ^ R may be 
identified with a function on the first n coordinates of (S', so the equation f fudi^n = f fndiy 
determines Un G Prob 2 (R"'). We write x = G (“^ as Xn = - ■ ■ ,^n) and x” = 

(Cn-Hl>Cn-h2, ■ • •) and introduce Pn{dx'^ \ £ Prob 2 (^^) by disintegrating iy{dx) = Pn{dx'^ \ 

Xn)i'n{dxn) with respect to Un] then we couple X” with X°° by mapping X” —> X°° via 
Xn (xn,0). To transport to u, we select x„ according to the law Un, then select x"" 
according to the law Pn{dx^ \ x^); hence 


D^2(X”,X°°)2 < 




\x'^\\%Pn{dx'^ I Xn)l'n{dXn) = ||x - E(x | Xn)\\pl'{dx) , (2.9) 


/12 
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which converges to zero as n —)■ oo by the dominated convergence theorem; so X” —)■ X°° in 
D /,2 as n —> oo. □ 

In subsequent sections, we introduce metric probability spaces relating to the trigonomet¬ 
ric system over T^; their properties link curvature, dimension and the exponent in H. In 
space dimension D, let 

X” = span{e*^-® : k E Z^;k = {ki,..., kn);\kj\ < n; j = 1,..., D}, (2.10) 

so that in ■ X” —)■ is the formal inclusion. When n is a dyadic power, the metric structure 

is well described by Littlewood-Paley theory. For j E N, we introduce the dyadic block Aj = 
+ 1,... ,2^ — 1}, and for J = (ji,..., jo) E N^, let A(J) = Aj^ x ... x Let 
Pj be Dirichlet’s projection onto the span{e*^'® : k E A(J)}, and introduce the Hamiltonian 

^ ( 2 . 11 ) 


Proposition 2.2 For 2 < p < 2 + (d/D) and N > 0, there exists A > 0 such that H^(^j-^{u) is 
uniformly convex on 0.^. 

Proof. We observe that is twice continuously differentiable on and 

>[ \\VPjv{m%i^-Mp-l) [ \PM<l)r"\PM«)\"^- ( 2 . 12 ) 

Jrj^D [27T)^ Jr^D (ZTTj^ 


We write |A| for the cardinality of a finite set A, and observe that by the inequality of 
the means, 


D 


^|A„|2>D|A(J)| 


2/D 


(2.13) 


t=l 


Hence the first term on the right-hand side of (2.12) satisfies 




Now we introduce de la Vallee Poussin’s kernel Kj for A(J), so that Kj{ni, ... ^no) = 
1 for all (ni,...,nD) £ A(J) and Kj{ni,... jUo) = 0 whenever some ni lies outside of 
Aj^_i U Aj^ U Aj^_|_i. Then Pju = Kj * Pju, so by Young’s inequality we have constants Cm, 
independent of u, N and A j such that 

< C2 \Aj\p-^NP-^ (2.15) 
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for all n G Oat. Likewise, we have 


1^0 - '=3ll*'^irL./.lir'j“ll‘‘ 

< C4|Aj|||Pjr;||i2. 


(2.16) 


Hence by the Cauchy-Schwarz inequality, we have 



> (h|A(J)|2/® - A(p- 1 )c5|A(J)|<!'-")''"JV<!'-")/") |p,„(O)|2_0_, ( 2 , 17 ) 


where 2/D > {p — 2)/2; so given > 0, we can choose A > 0 sufficiently small so that the 
coefficient in parentheses from (2.17) exceeds D/8, for all J. □ 

3. Application to the cubic periodic Schrodinger equation in ID 

Proposition 2.2 involves an exponent p = 2 + (4/iA) which equals the optimal exponent for 
the focussing NLS by [9, page 6]. Such inequalities on dyadic blocks do not of themselves lead 
directly to LSI{a) on Qjsj. So in sections 3, 4 and 5, we extend Proposition 2.2 to infinite 
dimensions. The Hamiltonian 


H(u) 



du 2 dO 
dO 2 tt 


A 

4 



u{e) 


4 dO 
2 n 


(3.1) 


may be expressed in terms of the canonical variables (/, g) where f,g^ -^^([0, 27r]; R), and the 
field is u = f + ig. Then the canonical equation of motion is the cubic Schrodinger equation 


du 




dt 


d‘^u 

W 


— X\u\‘^u, 


(3.2) 


periodic in 6 . Lebowitz, Rose and Speer [15] considered the Gibbs measures for such par¬ 
tial differential equations, exploiting the formal invariance of H(u) and the number operator 
N{u) = frj. \u{6)\'^dO/{27r) with respect to time under the flow generated by the NLS. Bour- 
gain [6, 9] introduced a Gibbs measure u for spatially periodic solutions, and established the 
existence of a flow for almost all initial data in the support of u. 

Let ( 7 j, 7 ')^_oo be mutually independent standard Gaussian random variables, so that 
('Xj + defines Brownian loop. Let A, A > 0 and introduce the ball Gat 

as in (1.2). Often it will be more convenient to use the real Fourier coefficients aj,bj of u as 
canonical coordinates, where aj + ihj = f u{0)e~^^^d6/{2n). There exists Z{N,X) > 0 such 
that 

u{du) = Z{N,X)~^lQ^{u)e^p(^^ f du{e), (3.3) 

^ (?e[ 0 , 27 r] 
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defines a probability measure, where as in [15, 6] we define 


n M0)= n exp(-^(af+ da,dh, ^ 

ee[0,27r] j=-oo-,j^0 


namely the measure induced on by Brownian loop. The indicator (u) restricts the field 
to the bounded subset Hat of and ensures convergence. 

We approximate hy finite-dimensional phase spaces. Let Pn '■ ^ span{e*-^® : j = 

—n,... ,n} be the usual Dirichlet projection. Then the Hamiltonian 


Hn{u) = - 

generates the differential equation 


dPnU 


dd 


■dy 

2n 


PnU{9) 


4 au 
271 


(3.5) 


= ( 3 . 6 ) 

which is associated with a finite-dimensional phase space PnL^, and a corresponding Gibbs 
measure. In terms of the Fourier coefficients, (3.6) is an autonomous ordinary differential 
equation. Let X = {Qn, || ■ ||l 2 ,z^) be the metric measure space associated with (3.3), and 
with = Q^n PnL^, let X” = (X^, || • [ 1 ^ 2 , i^n) be the metric measure space associated with 
(3.5). 

Proposition 3.1 For 0 < XN < 3/(147r^), the Gibbs measure for NFS on Qn satisfies the 
logarithmic Sobolev inequality 


J F{x)^log(^F{x)^/ J F^dnyidx) <^J \\VF\\]j-idn, (3.7) 


for 0 = 1 — (147r^iVA)/3. 

Proof. For / = IRu and g = Qu, the Hamiltonian is 




912 dO 


(3.8) 


and we aim to show that this is uniformly convex on Gtv with respect to the homogeneous 
Sobolev norm (f of H^. We consider U{f + ig) = /^(/^+ <?^)^|y, which contributes 

a concave term to the Hamiltonian H. We observe that for 0 < t < 1 and f,g,p,q G H^, 


t[f+9^f + {l-t) +q^]"- [{tf + (1 - t)pr + {tg + (1 - t)qr] ^ 

= ^(1 -t){f - 1?)^((1 + t + + {‘2 + 2t- 2f)fp + {2-t + {l- tf )p^) 

F t{l - t){g - g)^((l + t + t^)g‘^ + {2 + 2t- 2t^)gq F {2 - t F {I - t)^)q^) 

F 2t{l -t){f- p){g -q){fF p)((l + t)g + (1 - t)q) 

F 2t{l -t){g- qfp^ F 2t{l - t){f - pf{tg + (1 - t)qf. (3.9) 
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We have the basic estimates f {p + g'^) < N, and likewise J + q^) < N, while the Cauchy- 
Schwarz inequality gives the bounds 


\\f-p\\l 



/df dO 


(3.10) 


and likewise for US' —We integrate (3.9) over T, and use the L°° on each of the differences 
f — p and g — q and the squared norm to bound each of the sums; hence we have the bound 


0<tU{f + ig) + (1 - t)U{p + iq)-U{tf + (1 - t)p + i{tg + (1 - t)q)) 

< 28jv«(i -«) 1 -i" 


\de deJ 


06 09 J 


2t\ 


(3.11) 


We deduce that H is uniformly convex with respect to the norm on H , with 


tH{f + ig) + (1 - t)H{p + iq) - H{tf + (1 - t)p + itg + i(l - t)q) 


f 1 28XNP \ f 

\(df 


(dg 

2 - 

d9 

V2 12 ) j 

\09 

09 ) ^ 

K09 


27r 


(3.12) 


The standard inner product on L^(T'^; d^d/{27r)^; R) is unitarily equivalent to the standard 
inner product on P(7t^) under the Fourier transform, and under this pairing, the dual space 
of H^(T^;C) is H-*(T^;C). In particular, the dual space of h\T; R) is H“\t;R). So 
by Bobkov and Ledoux’s Proposition 3.1 of [2], the inequality (3.7) holds for all continuously 
differentiable F : X"' —)■ R, which depend on only finitely many Fourier coefficients. Then by 
Lemma 2.1, we can deduce (3.7) for all F. □ 

Theorem 3.2 Let p = 4, D = 1 and 0 < NA < 3/(147r^). Then X°° of the focussing cubic 
NFS has finite diameter and satisfies LSI{1 — N X/3)), and X"^ —)■ X°° in 0^2 as n —)■ oo. 

Proof. This follows from Lemma 2.1 and Proposition 3.1. Note that ||VF||jj-i < ||VF||£, 2 , 
so (3.7) implies (1.3). □ 

Remark. One can extend the convergence result in Theorem 3.2 to all X, N >0, although 
the proof becomes more complicated. 

4. Periodic Zakharov system in ID 

Let u(6, t) and n{9, t) be periodic in the space 9 variable; here u is the complex electrostatic 
envelope field and n is the real ion density fluctuation field. Then the periodic Zakharov model 
is the pair of coupled differential equations 


The initial condition is 


Ou 


0^ 


u 




52 


n 


Ot 

0‘^n 


09 ^ 

52 


nu; 


OF 09^ 09'^ 


(I 


u 


u{9,0) = p{9), 


n{9, 0) = a{9), 


^{9,0)=b{9y, 


(4.1) 


(4.2) 
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and Bourgain [7] established global existence of solntions of (4.1) for initial data G 
a ^ LP' and b G We now introduce V as the solution of 


dV _ dn 

dV dn d , 2 N 


(4.3) 


such that Jrp V{6, = 0; existence may be verihed from Fourier series. Then we introduce 

the Hamiltonian 


H{u, „) = i / (2| p - |„|‘ + (n + 1^, 


de 


(4.4) 


which suggests that we introduce further variables h = {n + \u\‘^)/'/2 and W = {djd9)~^V{\/2. 
The canonical variables which lead to the system (4.3) are (3?n,7s'tt) and (n, \/2bF)- Then H 
and Jrp ^ are invariant under the flow, so we can restrict attention to Qb as in (1.2) with 
D = 1. Then the Gibbs measure on x L^(T; R) x T^(T; R) is defined by 


n{dudhdW) = Z 


-1 




(n)exp(^ [ \u\^^ - l 


2tt 


.dU:2d0\ -p-r 2 /n\ 

ijmI ^ 


exp 


n 


dn{9) 


0eT 


exp 


1 

2 


0eT 

,dW.2d9 


YldW{9)\. (4.5) 


0eT 


We say that / : ^ R is a cylindrical function, if there exists a compactly supported 

smooth function F : R” —> R and .^i, ... G such that /(</)) = F(((/),^i),... (</>,^n))- 

Proposition 4.1 There exists B > 0 such that the Gibbs measure for the periodic Zakharov 
system satisfies a logarithmic Sobolev inequality for all cylindrical functions. 

Proof. The Gibbs measure is the direct product of three measures which satisfy logarithmic 
Sobolev inequalities, as follows. Let (7fc)^_oo be mutually independent standard Gaussian 
random variables, where -fk has distribution Hk on R. Then a typical held h has the form 


n(e,0) = ^ ( 7 fc cos/c0 + 7 _fc sin/c0), (4-6) 

k=l 


which converges in all £ > 0 almost surely. By results of Gross and Federbush, 

each Hk satisfies LSI{1) on R, and likewise on Eucliean space. The canonical Gaus¬ 

sian measure on has the characteristic property that for any finite-dimensional subspace X"", 
the orthogonal projection Pn : ^ X"' induces the standard Gaussian probability measure 

on with respect to the induced Euclidean structure; see [18, page 327]. In particular, this 
applies to and the subspace X” = span{,^j : j = 1,..., n} on which the cylindircal 

function lives. By [21, page 574; 3] this shows that the middle factor in (4.5) satisfies LSI{1), 
and there is no need to truncate the domain of the h variable. 
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Likewise, a typical W field initially has the form W{9, 0) = cos kO+'j-k sin k6)/k 

and hence the final factor in (4.5) arises from the direct product of Gaussian measures that 
satisfy LSI{1) on R; hence we have LSI{1) for this product. 

Finally, the first factor in (4.5) is the Gibbs measure n for NLS with p = 4, so by 
Proposition 3.1, u satisfies LSI{l/2) for B < 3/287r^. Gombining these results, as in [21, page 
574; 4], we obtain a logarithmic Sobolev inequality where the gradient is 


□ 


5. Periodic KdV equation in ID 

Gonsider u : T x (0,oo) —> R such that u{- ,t) ^ L^(T) for each t > 0, and introduce the 
Hamiltonian 



where A > 0 is the reciprocal temperature. Then the canonical equation of motion ^ = 
gives the KdV equation 

du d^u du 

'm ^ ~W ~ 


d 5H 
86 Su 


(5.1) 


For a suitably differentiable solution u of (5.1), both f u{6BYd6 /2ti and H{u) are invariant 
with respect to time. On the ball 


Rw = {0 G i^'(T; R) : ^ < n } (5.2) 

with indicator I^jv one can define a Gibbs measure 

n(#) = Z^(A)-4s^(0)e-^('^) Yl dm (5.3) 

6>e[0,27r) 


where ZN{(j)) is a normalizing constant, chosen to make ^(<70) a probability measure. 

The metric probability space (GAr,|| ■ ||/, 2 ,i/) arises as the limit of finite-dimensional 
metric probability spaces, which are defined in terms of random Fourier series. Let X'^ = 
{{aj,bj)'j^i G R^"" : (p{9) = ^2^=1 cos j9 + bj sin j9 G Bn} where we introduce the trigono¬ 
metric polynomial 0(0) = Y2j=i{^j cos j9 + bj sin j9) and then the probability measure 

i/„(dad6) = Z“^lB^(0)exp(^- / 0(0)^—) exp(^--f 6f)/2) (5.4) 

i=i i=i 


= Zn{N,X) > 0. We then let = (V"", || ■ \\p,iyn), which is finite 


for a suitable Zn 
dimensional. 
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Lemma 5.1 Suppose that 0 < X'/N < Zj'K^. Then the Gibbs measure satisfies the logarithmic 
Sobolev inequality 

fixf'^og(^f{xf/Jfdn^iy{dx)<^J^ ||V/||g-ii/(dx) (5.5) 

where a = 1 — 3“^7r^A\/]V. 

Proof. A related result was given in [3] with a larger norm on the right-hand side. Here 
we give a proof that is based upon an observation of Schmuckenslager concerning uniformly 
convex Hamiltonians [2, Proposition 3.1]. For 0 < t < 1, we have 


tH{u) + (1 — t)H{y) — H{tu + (1 — t)v) 

t{l — t) rdu dv\^ dO Xt{l — t) 
2 jT^dO do) 271 6 


(5.6) 

J^{u- vf ((1 + t)u + (2 - t)v) ^ 


where the final term is estimated by the Cauchy-Schwarz inequality by 


^^)^ ((1 + t)u + (2 - t)v) ^ 





2d0y/2 



dv\^ d6 
do) 277 


(5.7) 


Hence for a = 1 — 3 ^Avr^x/iV > 0, we have a uniformly convex H such that 

.-X/ N ^ N N t(l — t)a f fOu dv\‘^d0 _ 

tH{u) + (1 - t)H{v) - H{tu + (1 - t)v) > J^[- - -) (6,8) 

SO H is uniformly convex with respect to H^(T; R). □ 

Theorem 5.2 Let 0 < X'/N < ‘i/r/. Then {LIn, || • Hl^, / of KdV has finite diameter, satisfies 
LS'/(1 — tt'^X'/N /3), and is the limit in 0^2 of X'^ as u —> oo. 

Proof. Theorem 5.2 follows from lemmas 2.1 and 5.1. □ 

6. Logarithmic Sobolev inequality for critical power p = 6 in ID 

Now we consider the critical exponent p = 6, and the Hamiltonian 




/du\‘^ dO 

rj^\d9) 277 


X 

6 




( 6 . 1 ) 


Lebowitz, Rose and Speer show that for 0 < A < 1, there exists Nq > 0 such that the Gibbs 
measure for H can be normalized on Gn for N < Nq, but not for N > Nq. To obtain a 
logarithmic Sobolev inequality, we specialize further and for l/4<s< 1/2 and k > 0 let 


n 


N,k = 



( 6 . 2 ) 
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Proposition 6.1 Let N < Nq and 0 < A < 1, and 1/4 < s < 1/2, then let vn be the Gibbs 

measure on Qn associated with potential H. 

(i) The sequence of convex and compact subsets {LIn^k)^=i offlN is increasing and there 

2 

exist e, C{e) > 0 such that i'n{^n,k) > 1 — C{e)e~^'^ . 

(a) Let un be un renormalized on as a probability. Then for all k > 0 there exists 
a = a{K,N) > 0 such that || • Wl^t^n) satisfies LSI{a). 

Proof, (i) Compactness and convexity follow from simple facts about the Fourier multiplier 
sequence (|n|“^®) on L^. Let n be the Gaussian measure on L^ that is induced by Brownian 
loop. Then by the Cauchy-Schwarz inequality, we have 


exp(£:||M||us)i/Ar((iu) < 


(Liv exp(2£||u|||j3)/r(dM) exp(3 u^)n{du)^ 
Ljv exp(6-^Afrj. u^)^(du) 


where for suitably small £ > 0 the right-hand side integrals are all finite and together define 
C(s). Then we conclude by applying Chebyshev’s inequality. 

(ii) For integers k = 1,2,..., let Afc = {2^“^,2^“^ + 1,...,2^ — 1} be the dyadic 
interval of integers; for k < 0, let = {n : —n G A_fc}; also let Aq = {0}. Next let Kk be de 
la Vallee Poussin’s kernel associated with A^ so Kk{n) = 1 for all n G A^, and Kk{n) = 0 for 
n outside Afc_i U A^ U A^+i. Also, let {ek)'^=i be the usual Rademacher functions. By the 
Littlewood-Paley theorem, there exist constants Ci,C 2 >0 etc. independent of u such that 

OO oo 2 

||u||i4 ^CiEll 5^ ekKk*u\\l,<C2(^ ’ (6-4) 

k=—oo k=—oo 

and we can use Young’s inequality to show 

llA^fc * w||^4 < C'3||iLfc||^4/3 \\Kk * u\\l2 < (6.5) 

Hence embeds continuously in L^. 

We choose M > 2Yq and introduce 

f/(«) = f(6.6) 

SO that U is bounded on with 0 < U{u) < MN < MNq. Then we consider the modified 
Hamiltonian H{u) + U{u), and check that it is uniformly convex, with 


dv\‘^ dO 


89/ 27r 


— 5A / |m(0)|^|u(0)|" 


r d9 I 

+ M |r;(0)|2_-4OA| 5^ Kk* 

T u _ .V.. I 1 


k=—n-\-l 


2^Kk*u — 


Her-. 
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By using the Littlewood-Paley decomposition as above, we obtain the lower bound on (6.7) 


(l - 80 Ak^|A„|^ J ^ + (M - 40A|An|^iV^ - 80A/«^|An|^ J 

( 6 ^ 8 ) 

Now we choose n to be the smallest integer such that 2"' = |An| > so 

that the first coefficient in (6.8) exceeds 1/2, while M was chosen above so that 


cie 




dv\‘^d9 
do) 2 ti 


1 

2 


v{e) 


2 

27r’ 


and we have uniform convexity. Hence there exists Z{N) > 0 such that the measure 

n MO) 

6»e[0,27r] 


(6.9) 


( 6 . 10 ) 


can be normalized and satisfies a logarithmic Sobolev inequality with constant ao > 0. The 
original Gibbs measure appears when we perturb the potential by adding the bounded function 
G, to remove —U; hence by the Holley-Stroock perturbation theorem [11; 21, page 574] un 
also satisfies a logarithmic Sobolev inequality with constant 


a > aoexp(-AM) > aoexp{-2{40^^+\2nK)^3-Y^^^"~^^NN^). (6.11) 


□ 

7. The finite-dimensional Gross—Piatevskii equation in 2D 

Let u G L^(T^; C), and + ibk = u{k) be the decomposition of the Fourier coefficients into 
real and imaginary parts. With the canonical variables {o.k,bk)ke'z^i the Hamiltonian 




llVff 


d9i d92 
27r 27r 




d9i d92 
27 r 2ti 


(7.1) 


gives rise to the G-P equation (1.5). The L^(T^;C) norm is invariant under the flow for 
smooth periodic solutions. 

Following Bourgain [8], we introduce a Gibbs measure via random Fourier series as in (1.4) 
with D = 2. Now b does not belong to I/^(T^; C) almost surely, whereas b defines a distribution 
in H-S(t2;C) 

almost surely for all s > 0. We cannot therefore construct the canonical 
ensemble in precisely the same way as in sections 3,4 and 5; instead, we need to introduce 
finite-dimensional approximations for which the norms depend upon the dimension. 

We define the number operator by 


Nn 


E 

A:=(fci ,A:2)eZ2;|fci |,|fc2| 


2 

|fc|2+p’ 


(7.2) 


so that Nn ~ 21ogri, as n —)■ oo. Then for A > 0 let Gat be as in (1.2) with D = 2. 
Let Pn : I/^(T^;C) —> span{e*^'®;/c G Z‘^;k = (fci, ^ 2 ); |fci|, |fc 2 | < n} be the usual Dirichlet 
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projection onto the span of the characters indexed by lattice points in the square of side 2 n 
centred at the origin. For B > 0, we let = PnL^ fl fl 7 v„+B with the metric given by the 
L2 norm, so that the diameter of increases with dimension. Accordingly, we replace \u\‘^ 
in (7.1) by \un\‘^ — + B) where Un = PnU. This is an instance of Wick renormalization. 

In the following computations, we have integrals over with respect to d0id02/{2n)'^, 
and we suppress the variables of integration. Hence we take the Hamiltonian to be 

Hniu) = l- [ ||Vn|f-^/ {v*\u\‘^)\u\^ + ^KV{0){Nr, + B) [ |n|2. (7.3) 

Z Jrj.2 4 Jrj.2 Z Jrp2 

We can regard X"' as a compact and convex subset of C™ for some m < 4(n + 1)^, and define 
the Gibbs measure via 

fc = (fcl,fc2)eZ2;|fci|,|fc2|<n 

for u = Efc=(fci,fc,)eZ2;|fci|,|fc,|<nK + 

Brydges and Slade [10] consider focussing periodic NLS in 2D and show that some standard 
routes to renormalization are blocked. However, allow the possibility that there exist invariant 
measures in the case in which Nn —t oo and An —t 0+ as n —> oo; see page 489. This is the 
situation we consider in Proposition 7.1. 

Proposition 7.1 (i) Suppose that V G I/^(T^;R). Thcii for 3,11 B Oj tficro exists ^ 0 
such that the Gibbs measure on X'^ corresponding to satishes LSI(1/2), so 

j f{xf^og(^f{x)‘^/Jfdun^Un{dx)<4:J 11V/11 (dx). (7.5) 

(ii) Suppose further that V G I/°°(T^;R) and that fvP(O) > 3||H||l°°- Then for all 
R, A > 0 and all n, {X'^, || • ||£^ 2 , Un) satisfies LSI{l/2). 

Proof. We prove that the Hamiltonian is uniformly convex, by introducing 

(^) H{u + tw)= [ \\Xwf + XnV{0){Nn + B)[ \w\^ 

\dP/t=o Jrj-2 

j j {\u\'^ *v)\w\‘^ 

Z yrp2 Z yrp2 

— — [ [{utv + uw) * V){uiv + uw). (7-6) 

2 Jrj.2 

(i) By Young’s inequality, we have 

[ (H"*r)|t<|"< ||t<f^,||r||^qu>f^., (7.7) 
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and likewise 


[ (|u;|2*y)|«|2< (7.8) 

Jt^ 

while each term in the final term in (7.6) is bonnded by Young’s inequality and Holder’s 
inequality, so that 



* lYl)Intel < 


< 


L4/3 

|||r|.| 

II l|2 lu^i 





2 

L4- 


L4 


(7.9) 


By the Sobolev embedding theorem, we have ||n; — f te||L4 < C' 4 || Vte||i, 2 , for some C 4 > 0. 
Hence 

+ (i- 3 AC' 4 (Y„ +5)11^1^2) J^JiVvjf 

+ X{Nn + B){KV{ 0 )- 3 C 4 \\V\\L^) [ \w\\ (7.12) 

By choosing A > 0 such that 1/2 > 3AC'4(Y„ + 5)||Y||£,2, we obtain uniform convexity with 
constant a = 1/2. Then LSI{l/2) follows from [2, Proposition 3.1]. 

(ii) When V is bounded, we can use Young’s inequality to bound 

I (l«t • r)H" < l|r|L„||t<||l,||u.|||„ (7.11) 

and likewise for the similar terms in (7.6). Hence we obtain the inequality 

> [ ||Vn;||2 + A(nt>(0)(Y„ + H)-3||P||L- [ l^l") [ \w\\ (7.12) 

Again LSI {a) follows from [2, Proposition 3.1]. □ 

8. The Gross—Platevskii equation on Sobolev space with negative index 

To conclude the paper, we obtain a logarithmic Sobolev inequality for the G-P equation (1.5) 
on a suitable subset of H~^(T^; C). The convolution 

\u\'^*V{9)= ^ (\u\‘^)(Tn)V{m)e^^'^ (8.1) 


in the potential is to be interpreted probabilistically, since u{9) = X^fc£Z2\{o}('7^ ^/l^l 

does not define an L^(T) function almost surely. 

For 0<s<l/4, 0<£<1/8, iFi>0 and K 2 > 5, let 

^ = 5] ]a,f/|jf+'"<i^i; |a,|<iF2|j|(i/")-% Vj G Z^}, (8.2) 

iez2\{o} 
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so that is a convex set. Let be mutually independent standard complex Gaussian 

random variables, so that 'jj has distribution Hj, and let jl be the product measure 
on C°°. Let J : C) ^ C) be the linear map J{aj) = 

let 

Q=|«gH-^:||«||jj-. <iLi; Vj G Z^}. (8.3) 

Then J induces a measure n on which is mainly supported on G. 

Theorem 8.1 Suppose that V G R) for some s > 0 . 

(i) Then /u(G) —> 1 as iLi, 1^2 —t oo; 

(ii) for all Ki, K 2 sufficiently large and 0 < e < 1/8 there exist A > 0 and a > 0 such that 
the Gibbs measure u, normalized to be a probability on fl, satisfies LSI {a), so 

^/(M)^log(/(«)V J fdu^iy{du) < n(du) (8.4) 

for all f G u; R) that are differentiable with ||V/||jj-s G u; R). 

(in) The transportation cost for cost function c(f,g) = ||/ — and all uj G Prob 2 (G) 

that are of finite relative entropy with respect to v satisfies 

W 2 {(^,u)‘^ < —Ent(c<; I n). (8-5) 

a 

Remark. The hypotheses imply that V G L°°. In summary, the Gibbs measure produces a 
metric probability space (G, || ■ n) of finite diameter that satisfies LSI. 

Proof, (i) We introduce the event 

r = {|7,| < Vj G Z2 \ {0}}, (8.6) 

which by mutual independence of the 7 j has measure 



1^26^2/2 > 4_ Also by Ghebyshev’s inequality, we have 


H E 

iezAlo} 


|7P ^ 
- 


iez2\{0} 

f V- 1 \ 

+ 2. 2[^J’ 

ieZAlo} 
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so by estimating these sums by the Euler-Maclaurin sum formula, we obtain 


A(^) ^ expl — 


2(6 + 7 r)e -^ 2/2 
K2'</^ 


exp 


-Kf 




(8.9) 


hence /i(f 2 ) 1 as Ki, K 2 ^ 00 . 

(ii) By results of Gross and Federbush, each Hj satisfies LSI{1) for the standard gradient 
and distance over C; hence their direct product jl satisfies LSI{1) on G, where the norm of 
the gradient is computed in the norm of Lemma 2.1 enables us to pass from finite to 
infinite dimensions. We prove below that there exist k > 0 and Z > 0 such that u^da) = 
2 ’-igC^(^(a))^((^(j) defines a probability measure on Q such that 


In 


expf k||V(17 o J)(a) |^ 2 ) i>{da) < 00 


( 8 . 10 ) 


Then D satisfies LSI{a) for some a > 0 by the condition of Aida and Shigekawa [1]; see also 
[21, Remark 21.5]. Letting u = J{a) and v = J{b), we have 


/ XTT fl2n 

while the norms satisfy 

||V([/o J)(a) 11,2 =sup{|(V(Go J)(a), 6 ) I : || 6||,2 < l} 


( 8 . 11 ) 


sup|3fJ / ^{9)v{6) 

L ./'T ’2 du 

5U 


< 


I 


d^e 

(^ 


:v = Jib);\\b\U2<l} 


Su 


H" 


( 8 . 12 ) 


since J : —)■ defines a contractive linear operator for 0 < s < 1, and is the dual of 

under the integral pairing. 

Let 12 be the measure on Q, that is induced from f/ on fl by J, then normalized to be a 
probability. Then we obtain the logarithmic Sobolev inequality for the Gibbs measure 


In 


f{(pflog(^f{(pf/ J fdiyy{d(p) = J^f{J{a)flog(^f{J{a)f/J f o jl{da)/Z 

[||V(/o J)(a)||^2«2(da) 


< 


< 


Jn 

2 


Jn 

where the final step follows as in ( 8 . 12 ). 

So this leaves us with the task of verifying (8.10). The Hamiltonian involves 


(8.13) 


u{u)=^ 


d‘^e 


(8.14) 
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with gradient 




(8.15) 


A 

4 


I 'p2 


(|u|^ — / \u\‘^) ^ Vj{uv + vu) + ((uv + uv) ^ V 


U 


(fe 


The integrand involves the Fourier series 

(|ri|^ *'F)m = ^ (|np)(m)'F(m) , 

m^T? ieZ2 

where (1 + \j + m|)(l + |m|) > (1 + |j|), so for all rt G we have 


(8.16) 


X] *(j)' 




ieZ2\{o} 


H" 


< 




jez2\{o} 


lil 


hence 


^-s<Ki |m|"|y(m)||(|M|2)(m)|. 

mgZ^ 


(8.17) 


(8.18) 


To estimate the right-hand side of (8.18), we will later use the following lemma. 

Lemma 8.2 (i) The {\u\‘^){m) are uniformly exponentially square integrable over fl with 
respect to p, so there exist Ci, k > 0 such that 


IQ 


exp( (|Mp)(m) )p{du) < Ci (m G \ {0}). 


(8.19) 


(a) A similar statement holds for v on fl, possibly with different constants. 

Proof, (i) We have (|'Up)(-m) = Y.jilj + Wj)(7j+m - Wj+m)/lilli + so we require to 
bound where each dl^^ is a sum over an annulus 


7i7i+m 

^ E—/ I 711 7 -I- 7771 

ieZ2\{0,-m};r-l<|j|<r ' 


di^^ = 


E 


( 8 . 20 ) 


Observe that on fl the random variables yj are symmetric and we can independently replace 
each by ±7j, without affecting the distribution of /i on O. 

The sequence {dY'^) is multiplicative in the sense of [12] so that for all strictly increasing 
subsequences ri < r 2 < ... < of integers, 

[ Hdi) = o. (8.21) 

■JQ 

To see this, consider a product of terms, with one taken from the sum (8.20) for each factor 
di^^ and consider the lattice points £ that index the 'jg from factors in this product. In 
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particular, consider ^ such that the distance from the origin is a maximnm, and observe that 
this is attained at some point of the form j + m, and that '^j+m appears only once in the 
product, hence integrates to give zero. 

Observe also that where Sr = for some universal constant Cq, 

so that Sr < iC^K^/Se as follows: The most challenging case is when \m\ = r, and we can 
compare Sr < X^jez2\{o -m}-r-i<\j\<r \j + with the sum arising with 

the lattice points j replaced by points equally spaced around the circle of centre the origin and 
radins r, which produces the integral \ sin{9 

Bonnded mnltiplicative systems satisfy similar concentration inequalities to bounded mar¬ 
tingale differences as in [20]. By Jaknbowski and Kwapien’s [12] contraction principle, for any 
convex function $ : R"" —> [0,oo), the inequality 

/i(0)-i [^d[^\...,dl^^)djl<E^Siei,...,Sr,er,) (8.22) 

Jn 

holds, where is the usual sequence of mntnally independent Rademacher fnnctions. In 

particular, choosing k > 0 so that k^^CqK^/Se < 1, we have 


p 2 ^ poo ^ 

J exp(^^(y^ dl^^)^')dfl < J Eexp(^t K(5r-gr) exp(—1^/2) 

OO 


dt 


< 


/ IT cosh{KSrt) exp(—1^/2) _ 

J—OO v 27r 

nOO 1 "■ 

J 6 ^ 0(2 


2 t'^\ dt 




r=l 


- 1/2 


(8.23) 


Letting n —> 00 and applying Faton’s lemma, we obtain (8.19). 

(ii) This follows from (i) by Holder’s ineqnality. □ 

Conclusion of the proof of Theorem 8.1. (ii) We need to dednce (8.10) from (8.19). We 
introdnce Cs > 0 such that l/Ca < Ki{'n:/s + 10 ) such that X^meZ 2 \{o} = I 5 and 

then nse Holder’s ineqnality to obtain 


^kU (it) 


ix{du) 


< 


n 

meZ2\{0} 


exp 


K (|wP)(m) /Ca ii{du 


C3|F(m)|/2 


exp 


K (|mP)(— m) /Ca iJ,{du 


C3|F(m)|/2 


(8.24) 


By Lemma 7.3, all of these integrals converge for snfiiciently small k > 0, so the Gibbs 
measure du = dfi can be normalized on fl to define a probability measure which is absolutely 
continuous with respect to ix. 
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We can introduce C{s) > (vr/s + 10) ^ such that then 

we separate V from |wp by Cauchy-Schwarz inequality, before applying Holder’s inequality to 
obtain 


exp 


Ifi 


Kr 


E 

meZ2\{0} 


2n 


s n 

meZ2\{0} 


exp 


^ ' .(8.25) 

^ jeZ2\{o} 


By taking kq > 0 snfficiently small, we can ensnre that all the integrals and the product 
converge. This conhrms that (8.10) holds, and hence gives the logarithmic Sobolev inequality. 

(iii) The transportation inequality follows from the logarithmic Sobolev inequality (8.4) 
as in [21, Theorem 22.17]. □ 

Let X"- = span{e*-^'^ : j G Z^; |j| < n} be the snbspace of I/^(T^;C) that is spanned 
by the characters that are indexed by the lattice points in the disc with radius n, and let 
Pn : I/^(T^; C) —> X” be the orthogonal projection. Let be the Gibbs measure 

Vn{du) = eyi^[U{Pnu)) e”!™' (8.26) 

meZ2\{0} 


Let ojn be the marginal distribntion of on X”. 

Corollary 8.3 The (X"' n G, || ■ ||jj-s,a;n) converge in D ^2 to (fl, || ■ ||jj-s,i/) as n —?■ oo. 

Proof, (i) First we prove that U(Pnu) —)■ U{u) almost surely and in with respect to n on 
G as n —)■ oo. The difference in the potentials has a Fourier expansion 


U{PnU) - U{U) = I {V* \PnU\^)\PnU\^ ~ j 

= '^V{m)(^{\Pnu\'^){m) - (|w|2)(m)j (^(|m| 2)(-m)j 

m 

+ J]]F(m)(^(|P„u|2)(m))(^(|P„u|2)(-m) - (|M|2)(-m)); (8.27) 

m 

hence 

\UiPpu)-U{Pr,u)\ (8.28) 

< 2 J] |t>(m)||(|Ppu|2)(m) - (|Pnu|2)(m)|(|(|Ppu|2)(m) - (|PnM|2)(m)| + |(|M|2)(m)|) 


where 


e 

(|Ppu|2)(m) - (|PnMp)(m)| < I ^ 4”") 

r=n+l 


(8.29) 
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We observe that (|P„ttP)(m) has a similar expansion to (8.31), except that only those j with 
|j| < n contribute; so Lemma 8.2; hence {\Pnu\‘^){m) satisfies similar estimates to (|tip)(m), 
with the same constants. 

Let $ : ^ [0, oo) be the convex function 


r ^ 1 

$(zi,..., ze-n) = max| zt-n :n<p<ij 


t=n 


(8.30) 


associated with the fourth power of maximal partial sums. Then by the contraction principle 
from [12], the martingale maximal theorem in and Khinchine’s inequality we have 


. . . , < (Ee$(<5n£„, . . . , 

4^2 ^ 




1/4 


< 


< 


3 

p=n 

4V2CoK^ 


1/2 


(8.31) 


The sequence {V{m))mez^ is summable, so we deduce from (8.28) via the triangle inequality 
in L'^in) and Holder’s inequality that 


1/2 


/ max-i 
'n P 


1/4 


c^\U{Ppu) — U{Pnu)\‘^ : n < p < i^p{du)^ 

,— r~w O ^ ^*2 

mGZ^ 

and hence by (8.31) 

/r|max||[/(Pptt) — P(P„n)p : n < p < ^} > (jj —> 0 (5 > 0) 

as £ > n ^ oo, so U{Pnu) —> U{u) almost surely and in L^(p) as n —> oo. 

(ii) We have 


(8.32) 


(8.33) 


Ent(nn I I/) = J (^U{Pnu) - U{u) + log Z -log Zn^i'nidu), (8.34) 

where the normalizing constants satisfy lim infn^oo Zn > Z, and the preceding arguments 
show that J^\U{Pnu) — U{u)\'^p{du) —> 0 as n —> oo and p{du) < C. Hence 

Ent(nn I i/) —> 0 as n —> oo. By the transportation inequality (8.5), this implies W 2 {p'n, i^) —t 0 
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as n —)■ oo. Essentially, Vn is the tensor product of cOn with a Gaussian measure on H * with 
variance that converges to zero as n —> oo; indeed, the tail of the product (8.26) satisfies 


f «m + &m rr .-|mp(ai+e)/ 2 l 

\m\ 

ddrndbfYi 


2 

/ ^ 1 

mGZ^;|m|>n 

\m\ 

|2s ii 

mGZ^ ; l"^] 


27r 1 

mGZ^;|m|>n 

m 

2+2s 


^ dvr 
~ s{n — 1)2^ 

Hence Di 2 ((X"', || ■ (G„, || ■ i^n)) —t 0 as u —> oo as in [19, Example 3.8]. □ 

Let A = d'^ ldd\ + and write 


^{u){6,t) = j (^[\u\‘^ * V)uj{6,T) dr. 

In Proposition 8.4, we verify that the solution of the G-P equation 

= Au + ([up * V)u, 
ot ^ ^ 

w(0,o) = (j){e) 


(8.35) 


(8.36) 


with (/) G fl C H®(T^; C) is given by u = uq + w, where uo{9,t) = e**^(/)(0) is the solution of 
the free periodic Schrodinger equation with initial datum cj) in the support of Brownian loop 
on and w G is a fixed point of te i-G 4>(uo + te). 

We say that / : ^ R is a cylindrical function, if there exists a compactly supported 

smooth function F : R"" —> R and .^i,. .., G such that /((/)) = F((^,^i),... {(f), ^n))- The 
following may be compared with Bourgain’s results from [9, p. 132]. 

Proposition 8.4 Let 0 < s < 1/68, and let V G H‘^+2*+2/2(T2; R) for some <5 > 0 have 
V (0) = 0. Then for all rj > 0, there exists C and L^,tr^ >0 such that ia{flrj) > 1 — r] and 

(i) for all (f> flrj and uo{0,t) = e^'^^(f>{9), the function 4*(mo) £ ^*([0,T]; H®(T^; C)) for 
T > 0 almost surely; 

(ii) w i-G 4*(wo + w) is Lj^-Lipschitz on bounded subsets of G([0, T]; H®(T^; C)); 

(in) the Cauchy problem (8.36) has a solution u(9, t) for t G [0, trj] for all (p G 

(iv) (j){9) i-G u{9, t) for (p E fin induces a measure on which satisfies the Ti trans¬ 
portation inequality and is invariant in the sense that all cylindrical functions satisfy 

f /(«(• G))i^(#) = / f{<P)i^{d<p) {0<t<tn). (8.37) 


Proof, (i) We write ]|a]|* = 1 + ]|a]|. Note that {fl, n) is invariant under the operation 
p{9) I—)■ e^'^^p{9). The integral (8.35) may be expressed in Eourier coefficients as 


^{uo){9,t) 


= E 

meZ2\{0} 


kj)k-k)v 

j,k:j-\-k=m 


2 - ]|^ + mJP + ]|j]|2 - 


(8.38) 



E(m) 

i 
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and we split this sum into four cases, according to the values of j and k in the inner sum, and 
then according to £ and m in the outer sums. First we note that in the inner sum in square 
brackets ||j||^ — ||fc||^ = (2j — m) ■ m, so we split the index set as {{j, fc) G x j + fc = 
m} = G{£, m) U B{£, m} where 

G{£, m) = |(j, /c) : j + k = m; 11|£||^ — ||m + f||^ + (2j — m).m| > 2“^| ||£||^ — ||f + m||^||, (8.39) 
and the complementary set 

B{£,m) = |(j, fc) : j + k = m] \ \\£\\‘^ — \\m + £\\‘^ + {2j — m).m\ < 2“^|||f||^ — ||f + m||^||, (8.40) 

so that B{£, m) is the set of integral lattice points in a strip in which has axis perpendicular 
to m and width |||£|p — \\£ + m|p|. Now the sum 


E 

ij,k)eG{i,m) 


Hj)H-k){\\£f - \\£ + mf) 

|£| P -||£ + m ||2 + || i || 2 -|| fc ||2 


(8.41) 


is exponentially square integrable by Lemma 8.2. Then we take the complementary contribu¬ 
tion to the inner sum of (8.38) to be 


S,. ,T 




__ 

+ IKIP- ||£ + m||2 + ||j||2- ||fc||2 


{j,k)eB{i,m) 


If |K||2 - \\£ + m||2 + IIj||2 - ||fc||2 




m^-¥+rn\\^r 


n|i/8|, _ ,i|i/8 


^ “ ill*^ IKIP “ IK + ”^IK + 2j ■ m — ||m|p 


(8.42) 


Then we split j = j±_ + jm, where j±_ is perpendicular to m, and jm parallel to m; the sum 
in braces is dominated by the corresponding sum over jj_ and is bounded; while the sum in 
parentheses is dominated by the corresponding sum over jm and is also bounded; so the whole 
expression (8.42) is 

s - — - am- 

We deduce that for all 77 > 0, there exist a subset C Q with n{0,r]) > 1 — r? and a 
constant Grj such that 

||<»(«o)|Ih- < GEin»)l||E VV7-—-iwin- 


G,Y.\\V{7 


T ||K||2- ||£ + m||2|^^^ 

„ii2srY^/ IK + "^'IK'^IKII*'* 


t ^ ll^ll*^ IKIK “ IK + "^IK 




l/8j \\i\\2s 


. (8.44) 
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We split this sum into a sum over the index set 

^ = [{£,m) G Z2 X Z2 ; \\\ef - ||£ + m||2|'/« > ||£||f | 

and a sum over the complementary set A^. On A, the factor in parentheses from (8.44) is 
bonnded, so the upper bound |t^(Tn)|||m|p®||^||jj-s is immediate. On A'^, we nse the 
bound \^{j)\ < and for each m, we compare the snm over (£,m) G A^ with an 

integral in polar coordinates (r, ip) over the region 

{(r, ^p) G (1, oo) X {—IT, it) : 2||m||r| sin■01 < \\'m\\'^ + (8.45) 


so we have a bonnd on J2eeA<^ 


E 


A'J 


t:|||tP-p+mP|<p||32. ||W,||* 


| 2 s |||^||2 


— \\m + 


1211 


2e+3/2 


< 2K^ / ^2s-3/2-2£ 


di/’ I'dr 


< 2CKo[\\m 


\m\ 


(8.46) 


The series Yl,m |^^("2-)|||"2-IP*’''^^^ converges, so ^(uo) belongs to ^([O,T]; H®). 

(ii) In this proof, we nse concentration of measnre to prove Lipschitz continuity of a 
function; this reverses the nsual flow of the theory as in [5, 21]. For v and w in the nnit ball of 
C'([0,r];H*(T2;C)), We have 


^{v + uo){9,t) - ^{w + uo){9,t) (8.47) 

gl(t-T)A (Ij- 

+ j ed'^~'^^^(^{{\v\‘^ + vuo + vuq) *V){v — w'^{9,t) dr 

+ J (^{{{v — w)v + w{v — w) + uo{v — iv) + uo{v — w)) * V)ivj{9,T) dr. 

In the final integral, we can use the simple bound 

|tto(h — 'iv){m)\ < ll^olljj-s 11^^ ~ “ '^IIh‘‘’ (8.48) 

and similar bounds on the other terms; the terms in the middle integral are treated similarly. 
The first integral, we nse the probabilistic estimate of Lemma 8.2: for all ?7 > 0 there exist 
Ly > 0 and a snbset Qy snch that t^(n^) > 1 — ry and 

^|(|uop)("i)||^(w.)|||m||^* < Ly {uo{9,0) G Qy), 
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so there exists C > 0 such that 


sup \\^{uo + v){6,t)-^{uo + w){0,t)\\iis <CT{1 + Ln) sup ||u(0,r)-rc(0,r)||jj^. (8.49) 

0<t<T 0<t<T 

(hi) By (i), we have T > 0 such that Kq = supg^^^^P ||4 >(mo)(^;^)|Ih'’ finite for all 
(j) E O-r)- Now by (8.49) we can shrink the time interval to [0, tr/] where 0 < < T, and ensure 

that 

G C'([0,t^];H*(T^;C)); sup ||i(;(6',t)||jj-= < 2it:o| (8.50) 

0<t<tr, 

contains 4 *(mo) and w i-> 4 *(mo + w) is (l/2)-Lipschitz on Indeed, we have 
sup ||4 >(mo + «^)(6',^)|Ih" ^ sup ||4 >(mo + «^)(6',t) - 4 >(uo)(6',^)|Ih" + ll^(“o)(6',t)||H" 

0<t<tr, 0<t<t,j 0<t<tr, 

<2~^ sup ||i(;(0,t)||jj'> + itTo 

< 2Ko. (8.51) 

By Banach’s fixed point theorem, there exists w E such that w = 4>(Mo + 'a^); thus we obtain 
a solution u{9,t) = uo{0,t) +w{0,t) of G-P (8.36) for 0 < t < 

(iv) We do not assert that 0 i-> 4 >(mo + v) is Lipschitz; hence we need an indirect proof 
of (iv) instead of deducing it from Theorem 8.1. The fixed point w satisfies ||rc(- G)|Ih'’ — 

2||4>(mo)(- G)|Ih'’’ 

ll“(' G)|Ih“'’ - II'^IIh"'’ II^(“o)(- G)|Ih'’ (8.52) 


so there exists k > 0 such that 


/ exp(fv||w( •, t)||^_s)iz(d0) (8.53) 

is finite. Hence the measure induced on from ix on by ^ i—)■ u{- ,t) satisfies a Ti 
transportation inequality by Bobkov and Gotze’s criterion, as in [21, Theorem 22.10]. 

Let Un be the solution of the GP equation with finite-dimensional Hamiltonian Hn as 
in (7.3) and initial data (j)n{9) = Z^fc,o<|fc|<n+ Wfc)/ll^ll 5 and we regard «„( • ,t) as a 
random variable for 0 G We have 


|m(- ,t) - «„(• ,t)||jj- 


< 2||0- (j)r. 


+ 2 


e*(*“T)A^(|^^ + - ItUn + * H)(rc + P'^^(l))^dT 


H-“ 

(8.54) 
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As in (iii), one can show that Un converges to u in the sense that 



u{- 0 


(8.55) 


as n —)■ oo. By Liouville’s theorem applied to Hn, the corresponding Gibbs measure on phase 
space is invariant under the flow generated by the canonical equations of motion. Hence by 
Corollary 8.3, we have weak convergence of the Gibbs measures, so 


f{u{-,t))L'{d(j))= lim / f{uni-,t))unid(j)) 




= lim / f {(t))i'ri{d(t)) 


f{(f))iy{d(f)). 


(8.56) 


□ 

Acknowledgement. The author thanks Graham Jameson and Daniel Elton for providing 
some estimates. 
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